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conditions. In this paper we prove that the extended grid EM(1,n) admits Cube difference labeling.

1. Introduction

Several methods of labeling in graphs have evolved and
serve as beneficial models with wide range of
applications in diverse fields such as technology etc..
Prominent among the types of labeling is cube difference
labelling [1]. A useful survey on graph labeling by
J.A.Gallian (2019) can be found in [5]. In this paper we
deal only finite, simple, connected and undirected
graphs.For number theory concepts refer [3] some of the
basic definitions are given below

Definition [1] 1.1. Let G = (V(G), E(G)) be agraph. G
is said to be a cube difference labeling if there exists a
bijection f:V(G) - {0,1,2,.....,p — 1} such that the
induced function

f*:E(G) — N is given by

f ) = [[f @] = [f)]?| for every uv € E(G)
are all distinct. Any graph which admits cube difference
labeling is said to be cube difference labeling graph.

Definition [6], [7] 1.2. A two-dimensional grid (also
called a Mesh) M (r, s) is a graph whose vertex set is the
set of ordered pairs on nonnegative integers, {(i,j): 0 <
i <r0<j<s}, in which there is an edge between
vertices (i,j) and (k,l) ifeither|i—k|=1 andj =1
ori=k and|j—I|=1.Forany i, 0<i<r, the
subset of vertices {(i,): 0 < j < s} will be called the i*"
row of the grid. Forany j, 0 < j < s, j** the column is
similarly defined as the set {(i,j): 0 < i <r}.
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Definition [6], [7] 1.3. The extended grid EM(r,s) isa
graph whose vertex set is the set of pairs on nonnegative
integers, {(i,j):0 <i < 1,0 <j < s}, inwhich there is
an edge between vertices(i,j) and (k,1) if and only if
[i—k| <1 and|j— 1| < 1. Thus, the extended grid is
obtained from a two-dimensional grid by adding
diagonal edges to the nodes. The graph EM(m,n)
consists of m rows of nK, graphsand n columns of mK,
graphs.

2. Results

Theorem 2.1.

The extended grid EM(1,n)admits cube difference
labeling, for n > 2.

Proof:

Let EM(1,n) be an extended grid with 1 row and n
columns or nK, graphs.

We denote the extended grid EM(1,n) by G having
vertices

Vo, V1, Vgyevvvnnnn , Vans1, and
edges e, €z, vvnn... ) Cspi1
We find that

V(G)] = 2(n + 1),
|E(G)| = 5n + 1.

Define P: V(G) - {0,1,2, .....,2n + 1}
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by P(r)) =i,0<i<2n+1
P induces a cube difference labeling on G.
For if, P* be the induced function defined
by
P*:E(G) = N such that
P (wvm) = [ [P = [P |
LetE = E,UE,U E5U E,U E; Were
E; ={es/ es = Vps_1Vos41, 1 <s<n}
E; ={es/ 5= vy5aVp5, 1 <s<n}
E; ={es/ €5 = VysaVps 1, 1<s<n+1}
Ey={es/ 5= Vy5_3Vas41, 1 <s<n}
Es ={es/ es = vps_1Vp5,1<s<n}
To prove that P is injective in E.
Claim 1: 2* is injective in E;.
Letes, ey, .v..... ,e, be the n edges of E;.
It is visible that

P) <P(v3) <Ps) <+ <P(Wzn_1)
< PWan41)

Then
[P <[P <[Pws)]®<...... <
[P(UZn—l)]3 < [P(U2n+1)]3

So

I[P(w)]? = [P)P| < [[PW3)]° — [Pws)]?| <
= <|[PWan-1]? = [P(2n: DT

Hence

P*(v1v3) < P*(v3vs) < - < P*(Van-1V2n41)
Pr(e1) <P (ex) <+ < P"(en)

Thus P* is injective in E;.

Hence all the edge labelings in E; are distinct.
Claim 2: P* isin injective in E,.

Letes, ez, onnn... ,e, be the n edges of E,.

It is clear that
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Py) <P(,) <P(y) < <P(Van-z) < P(v2,)
Then

[P < [P)P <[Pw)]®<...... <

[P (Wn-2)]® < [P(v2,)]?

So

[P =[PP < I[P(w)]? = [P(wy)]?| <
I[P (Wzn-2)]* = [P(v2n)]°

Hence

P*(wovy) < P (0pv,) < -+ < P*(Van_2V2n)

P (e)) <P (ep) <+ <P*(eyn)

Thus P~ is injective in E,.

Hence all the edge labelings in E, are distinct.

Claim 3: P~* is in injective in Es.

Lete, ey, ........ ,ens1 bethen + 1 edges of E;.
It is clear that
Po) <P(1) <Py) <+ <P(Wzn) < PWzns1)
Then
[P <[P <[P <...... <
[P (W2n)]® < [P(W2n41)]?
So
I[P@Wo)? = [Pw)P| < [[P(w)]® = [P(w3)]*| <
e <
|[?(v2n)]3 - [?(v2n+1)]3|
Hence
P*(vov1) < P (0pv3) < -+ < P*(VanVan+1)

P(e1) <P*(ey) <+ <P*(en+1)

Thus P~ is injective in Es.
Hence all the edge labelings in E5 are distinct.
Claim 4: 2" isin injective in E,.

Let us consider any two edges

e, = V,yVs, e, = Vgl Where e, e, € E,
It is visible that
Pv,) <P(vs) < P(vg) < P(vo)
= [P)]® < [P(s)]® < [PWe)] < [P(Wo)]®
Hence
I[P = [PWs)PP| < [[P(we)]® = [P(we)]?
P*(vovs) < P (vgvs)
P*(e1) < P*(ez)
P*(er) # P*(ez)
Thus P~ is injective in E,.
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Hence all the edge labelings in E, are distinct.
Claim 5: 7" isin injective in Es.

Letej, ez ....... ,e, be the n edges of Es.

It is clear that

P(1) <P(v;) <P(v3) <+ < P(Wp—1) < P(vn)
Then

[P <[P < [P(wy)® <...... <
[P (W2n-1)]? < [P(v2)]?

So

I[P =[PP < [[P@3)]° — [P)P] <
o <[P Wn-)]? = [P

Hence

Pr(v1v3) <P (v314) <+ < P*(V2n_1V2n)
P*(ey) <P(e2) <+ <P(en)

Thus P~ is injective in Es.

Hence all the edge labelings in E5 are distinct.
Claim 6: P* isin injective in E; and E,.

Let us consider any two edges

e; = Usv,, e, = VgV Wheree; € E;, e, € E,
It is visible that

P(ws) < P(vy) < P(vg) < P(v10)

= [Pws)]? < [P(v)]? < [P (W) P[P (v10)]?

Hence
I[P Ws)]® — [PWP] < |[PWe)]? — [P(v10)]
P*(vsv;) < P*(vgv10)
Pr(e1) < P(ez)
P*(er) # P*(ez)
Thus P~ isinjective in E; and E,
Hence all the edge labelings in E; and E, are distinct.
Claim 7: P* isin injective in E; and Es.
Let us consider any two edges
e; = U,V3,e, = UV, Wheree; € E;, e, € E;
It is clear that

P(v,) < P(v3) < P(vs) < P(vy)
= [P < [P@3)]° < [Pws)] < [P(w,)]P
Hence

[P @) = [P@3)PP| < |[P(ws)]? - [P(w,)]]
P*(vyv5) < P*(vsvy)

Pr(e1) <P(ez)
P*(er) # P*(ez)
Thus P* isinjective in E; and E
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Hence all the edge labelings in E; and E; are distinct.
Claim 8: P isin injective in E; and E,.
Let us consider any two edges
e; = V,Vqg, €, = V,Us Wheree, € Ej, e, € E,
It is obvious that
Pvy) <Ps) < P(vy) < P(vy)
= [P@)]® < [P(ws)]® < [P(w)]? < [P(vo)]?
Hence
I[P @) = [PWs)PP| < I[PW]® — [P W)
P*(vovs) < P*(vyv5)
P(e;) <P(e)
P*(e1) # P*(e2)
Thus P* isinjective in E; and E,
Hence all the edge labelings in E; and E, are distinct.
Claim 9: 2~ is in injective in E; and E;.
Let us consider any two edges
e; = VU3V, €, = UgVy; Where e; € Ec, e, € E;
It is visible that
P(v3) < P(vy) < P(vg) <P(v1y)
= [PW3)]® < [P)]® < [P(wo)]? < [P(v1)]?
Hence I[PW)]? = [PW)] < [[P(wo)]? -
[?(V11)]3|

P*(v3vy) < P (vovy4)

P(e1) < P*(ez)
P*(er) # P*(ez)
Thus P* isinjective in E; and Ex
Hence all the edge labelings in E; and E; are distinct.
Claim 10: P~ isin injective in E, and E;.
Let us consider any two edges
e, = V,Us, e, = Uglyo Where e, € E;, e, € E,
It is noticeable that
P(vs) < P(vs) < P(vg) < P(v10)
= [P < [PWs)] < [PWe)]® < [P(w10)]?
Hence
I[P = [Pws)P| < [[P(e)]® — [P(v10)]°
P*(v4vs) < P*(vgv10)

P*(e1) < P*(ey)
P*(e1) # P (ey)

Thus P* isinjective in E, and E;

Hence all the edge labelings in E, and E; are distinct.
Claim 11: 2P~ isininjective in E, and E,.

Let us consider any two edges

e, = VU, e, = Ugly; Wheree, € E,, e, € E,
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It is evident that
Pw,) < P(vy) <P(vg) < P(v11)

= [P(w)]? < [P(wy)]? < [P(we)]? < [P(v1)]?
Hence

[PW)? = [Pw))?] <
[?(1711)]3|

P*(vvy) < P*(vgv11)

[[Pwe)]? -

P*(e1) <P*(ez)
Pr(e) # P(ez)

Thus P* isinjective in E, and E,

Hence all the edge labelings in E, and E, are distinct.
Claim 12: P~ isin injective in E, and Es.

Let us consider any two edges

€1 = Uyl e, = Vglyo Where e, € E,, e, € Es

It is easily seen that

P(,) <P(vy) <P(vg) < P(v14)

= [P <[P’ < [P < [P(v10)]?

Hence

I[P@)]? = [PW)P| < |[PWo)]® — [P(w10)]l
P*(v2v4) < P*(vov10)

Pr(e1) <P(ez)

P*(er) # P*(ez)

Thus P* isinjective in E, and Es

Hence all the edge labelings in E, and E5 are distinct.
Claim 13: P~ isin injective in E; and E,.

Let us consider any two edges

e; = VgV, e, = VgV, Wheree, € Ez, e, € E,

It is evident that

P(o) < P(vy) < P(vg) < P(v11)

= [PWe))° < [P(w)]® < [PWe)]® < [P(v,)]?
Hence

I[P (o) = [P)P| < [[PWe)]® — [P (1))
P*(vovy) < P*(vgvy4)

Pr(e)) < P*(ez)

P*(e1) # P*(ez)

Thus P* isinjective in E5 and E,

Hence all the edge labelings in E; and E, are distinct.
Claim 14: P* is in injective in E; and Es.

Let us consider any two edges
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€1 = V,V3, €, = VgV;o Where e; € Ej, e, €
Eq
It is obvious that
Pvz) < P(v3) < P(vg) < P(vy0)
= [P)]® < [P(w3)]® < [P(wo)]® < [P(v10)]?
Hence

I[P @I = [Ps) Pl < I[P W) — [P(w10)]°]
P*(v2v3) < P (vov40)
Pr(e1) <P(ez)
P*(e1) # P*(e2)
Thus P~ is injective in E; and Es
Hence all the edge labelings in E; and E5 are distinct.
Claim 15: 2P* is injective in E, and E;.
Let us consider any two edges
e, = V3V, e, = Vg Wheree, € Es, e, € E,
It is noticeable that
P(v3) <P(vy) <P(vg) <P(vy1)
= [PWs)]® < [P < [P(we)]® < [P, )]
Hence

I[P (w)]? =[PP < I[P W) — [P(v11)]?]
P*(v3v,) < P*(vgvy11)
P*(e1) < P*(ez)
P*(er) # P*(ez)
Thus P* isinjective in E, and E5
Hence all the edge labelings in E, and E5 are distinct.
Thus P~ is injective in E.
Hence the extended grid EM(1,n)admits cube
difference labeling, for n > 2 .

Figure. 1 cube difference labeling of the extended grid
EM(1,5)

Figure. 2 cube difference labeling of the extended grid
EM(1,4)

1. Conclusion


http://www.jchr.org/

Journal of Chemical Health Risks

www.jchr.org
JCHR (2024) 14(3), 245-249 | ISSN:2251-6727

In this paper we prove the admittance of cube difference
labeling of an extended grid EM(1,n) for n > 2 . Many
graphs may admit cube difference labeling . An
investigation to identify such graphs will be considered
as future work.
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