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Numerous types of topological spaces are introduced every year by
dif- ferent topologists. In this article we introduced Minuscule topological

Abstract

spaces and discussed properties and applications. The present article
discusses the aspects of a novel family of functions on M-topological
spaces, referred to as minuscule topological spaces, in terms of of M-
closed sets, M- clo- sure and M -interior. Apart from that, a

conscious effort is put forth to defineM
closed mapsand M

open maps, M

homeomorphism.

1. Introduction

Kelly (8) proposed bitopological spaces in 1963.
Chang(5), in 1968, initially put forward the idea of
fuzzy topological spaces, which were further
investigated by Zadeh’s (25) introduction of fuzzy sets.
Mashhour et al. (11) first put forward the idea of
Bisupra-topological spaces in 1983. Kuratowski first
developed the concept of the Ideal in topological spaces.
Furthermore, they defined local functions within the
framework of ideal topological spaces. In 1990, Hamlett
and Jankovic(6) looked into other aspects of topological
space. One of the essential aspects of topology is the
continuity of functions. Further development of the idea
of nanotopology was done by Lellis Thivagar and
Carmel Richard (21), expressed it in terms of
approximations and the boundary region of a subset of the
universe by imposing an equivalence relation on it. He
provided the concepts of nano-closure, nano-interior, and
nano-closed sets. Sakkraiveeranan Chandrasekar(4)

2. Preliminary

Let us now discuss the subsequent definitions, which will
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utilized nano topology in 2019 to introduce
microtopological spaces. A minimum of three nano
open sets, such as U and @ , and a maximum of five
nano open sets are included in nano topology. By
excluding boundary approximations and utilizing the
symmetric difference, we can generate more open sets in
nano topology. More opensets can be included due to this
extension, generating what is known as minuscule
topology. It’s important to remember that not all micro
topologies and nanotopologies belong to the minuscule
topological space. Inthisstudy, we introduce anew class of
functions defined on minuscule topological spaces
called M-topological spaces. M-closed sets, M-
closure, and M-interior characterizations have been
utilized to describe their properties. We have also
formalized the ideas of M-homeomorphisms, M- open
maps, and M-closed maps, together with their
representations with respect to M-closure and M-
interior.

prove to be beneficial in the subsequent analysis.
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Definition 2.1. [20] Consider a non-empty finite set U
that consists of objects referred to as the universe. Let E be
an equivalence relation on U, which is formally referred to
as the indiscernibility relation. Subsequently, the set U is
partitioned into disjoint equivalence classes. Elements that
are part of the same equivalence class are considered to be
indiscernible from each other. The pair (U, E) is widely
referred to as the approximation space in research papers.
Let X beasubsetof U.

1. The lower approximation of the set X with
respect to the relation E refers to the collection of objects
that can be unambiguously categorized as belonging to X
with respect to the conditions defined by E . ThisSower
approximation can be expressed as LE(X) . That is,

LE(X) = yeu{E(X) : E(x) € X} where E(x) denates
the

equivalence class determined by x U .

2. The upper approximation of the set X in

relation to the set E refers to the collection of all objects
which have the chance to be considered as members of X in
relation to E . This upper approxifsation is represented by
the notation UE(X) . Thatis UE(X) = yey EM"
E(x) X= @

3. The boundary region of the set X in relation
to the reference set E isdefined as

the collection of every object that cannot be definitively

classified as either belonging to X or not belonging to X
with respect to E . This boundary region is usually referred
toas BE(X) . Thatis, BE(X) = UE(X) — LE(X) .

Definition2.2.[20] Let U bean arbitrary universe, and let
E represent an equiv- alence relation defined on U . and
AE(X) = {U, @, LE(X), UE(X), BE(X)} .and let X bea
subsetof U thatadherestothesubsequentaxioms.

1. U, @ € 3g(X)

2, The union of the elements of any sub-
collection of 3g(X) isinag(X).

The intersection of the elements of any finite
sub collection of 3g(X) isin 3E(X). The nano topology on
the set U with respect to X is denoted as 3E(X) . The topo-

3. Minuscule Topological Spaces

Definition 3.1. Consider a non-empty finite set U that
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logical space (U, 3e(X)) is referred to as the nano
topological space. The individual elements of a set are
collectively referred to as nano open sets.

Example 2.3. Let U = {&1, &2, €3, &4} with U/E =

{{c<1}, {¢3}, {<2. <43}

Let X = {¢1, &2 } € U, Then :e(X) = {U, @, {¢4},
{1, &2, <4}, {€2, 43}

Definition 2.4. [4] In the context of nano topological
spaces, let (U, 3g(X)) repre-

sent a particular instance. In this case, we define the
micro topology of 3E(X) as

ME(X) ={N U (N' N W}, where N and N’ are elements
of ae(X) and p is a set not belonging to 3E(X) .

Definition 2.5. [4] The Micro topology, denoted as HE(X),
adheresto the follow- ing axioms.

1. U, ® € pe(X)

2, The union of the elements of any sub-
Qollection of pe(X) isin pE(X) .

3. The intersection of the elements of any
finite sub collection of pPg(X) is in

HE(X) .

The Micro topology on U with respect to X is denoted as
ME(X). The mathematical structure denoted by the triplet

(U, se(X), LE(X)) s referred to as a micro topolog- ical
space. Within this context, the components of Ug(X) are

commonly known as micro open sets, whereas the
counterpart of a micro open set is referred to as a micro
closed set.

Example 2.6. Let U = {&1, &2, &3, &4} with U/E =
{{c1} {¢3) {2 da}}-

Let X = {¢1, &2} < U, Then pe(X) = {U, @, {1},
{&3} {&2 &4y, {&1, &3} {&2 &3, ¢4},

consistsof objectsreferred to as the universe. Let E be
an equivalence relation on U , which is formally
referred to as the indiscernibility relation.
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Subsequently, the set U is partitioned into disjoint
equivalence classes. Elements that are part of the
same equivalence class are considered to be
indiscernible from each other. The pair (U, E) is
widely referred to as the approximation space in
research papers. Let X be a subset of U .

1. The lower approximation of the set X with respect
to the relation E refers to the collection of objects
that can be unambiguously categorized as belonging
to X with respect to the conditions defined by E.

BPheupp E §

er appr 6
can be possibly classified as X with respect to E and it is
denoted by UE(X), That is Ug(X) =
. y UE( )S E(X) TX
UAX) =" c /
5. Let LE (X) and Ug (X) be twd sets. The symmetric
difference of the sets LE(X) )
E E
L (X UMM (X E .
Definition 3.2. Let U be the universe, E be an

equivalence relation U and
EX) = {U, @, LEEX), UE(X), LX), UX),
LE(X)VUA(X)}. Here LAX) is al-

ways be @ . @ is always belongs to the topology. So,

LA(X) and is neglected.
Then theAtopoIogy EE(X) = {U, @, LE(X), UE(X),
E LEJ (X),LE(X)VU*(X)} where X &

E JEEX) Eat'tsjas__thqjollowing axioms:

1. U and ® €3 (X) .

2 The union of the elements of any sub collection of
AE(X) isgn 3E(X).

3. The intersection of all elements of any finite sub
coIIectionEof AE(X) isin JEQ(). That is , 3g(X) is
a topology on U called the M - topoFogy on U
with respect to X . We call (U, 3 (X)) is a
Minuscule topological space (or) M - topological
space

. The elementscof 3E(X) are called M - open sets.

Properties: If (U, E) is an approximation space and X, W

3552

This lower approximation can be expressed as
LE(X) . Thatis

LE(X) = x y E(X) : E(X) & X where E(X) denotes the
equivalence class determined by X .

2. Thedower minimalapproximation:
LA (x) = {E(X) : E(X) SX}-X =
LE(X) X

oximatigyh R, X with respect to is the set of all objects,
H}{E( X): E(X) X= @}

e upper minimalapproximation:

T
xeU (X) : E(X) X £ @} - X = UE(X) —
and UA%(X) is LE(X)AUN(X) and it is denoted by

S
u o) WU ) L (X))
c U, then

1 LE(X) €X S UE(X).

2, LE(®)e= UE(®) = @ and:LE(X) = UE(X) = U

3. UE(X U W) = UE(X) U UE (W)

4 UE(XW) SUE(X) NUE(W)

5. LE(XUW) 2 LE(X) U LE(W)

6. LE(X N'W) = LE(X) N LE(W)

7. LE(X) € LE(W) and UE(X) € UE(W)
whenever X cW

E

9. LA nuE)=0

10. ui(x UW) € U/:\(X) U u//\\(vv)

2 De(pA0) = Ue (0N Y0 0.

13.

Definition 3.3. If (U, 3g (EX)) is@ M - topological space
where X Uandif A U, The M-interior of set
A can be defined as the union of all M-open
subsets of A, denoted as Mint(A). The concept of

LE(X)VUE(X) =UE(X)
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the M -closure of a set A is defined as the
intersection of all sets that are M -closed sets
containing A. This M -closure

is denoted by Mcl(A).

Remark 3.4. The basis for the M -topology g (X) with
respect to X is given by

BE(X) = {U,LE (X), LE(X)VUA(X)}. E

Example 35. Let U= ¢1, &2 ¢3, ¢4 { with UE 3

f1, &3, 8.4 .
Let X= &1,& }c U . Then 3g (X) =
Uo & §1 3 54 , €3 ,¢3.44

Then the basis for the MT— topology is

given by BE (X) = {U,{&4}.{&3, €4} }

Definition 3.6. Let (U, 3E(X)) and (T, G (W)) be M
togglogical spaces. TherE a
mapping @ : (U, 3e@X)) — (T, 2 (W)) is M

continuous on U if the inverse image

of every M — openset in T is M
openinU.

Example 3.7. Let U = {&1, £2, &3, &4} with U/E =

{{c1}, {€2., &3}, {S4}}

Let X ={¢1,&} € UThen, g (X)= {U, @, {1}, {1,
&2, &3} {&2 ) {4, £2}3) and the M
closed sets in U are U, @, {&2, &3, ¢4}, {&4 3
{<1. <3 ca} and{c3, &} Let T = {1, 12, K3,
w4}y with T/E = {{x1}, {x23}, {x3,
K4} ) Let W = {x1,x3} C

T Then, 2 (W) = {T,® {x1}, {x1.x3, x4}, {x4 },
{x1,x4 }} and the M closed

setsin Tare T, @, {«2, 3, k4 }, {2}, {x1, k2, 3},
and{x2, «3}. Define a func-tion f : U — T

,as f(&1) = w2, f(&2) = x4, f(€3) = «3,
f(¢4) = x1. Then

f et e e = £
¢ , ¢ ¥} and £

({x . x P ={c.¢} The

M -continuity of f is proven by the conclusion that the

- -

inverse image of each M -
opensetinT isM-openin U.”

In terms of M-closed set, the following theorem describes
in M-continuous functions.

Theorem 3.8. A function f: (U,3g (X)) — (T,2 (W)) is
M continuous if and only if the inverse

imaff of gvdry M{ }} closed setin T is M

closed in U.

Pfoof} et f be M 3 }}
andlF be M —

That is T

open inT. Since f isM

continuous . f (T F) is M

-G open in U. Thatis U

f (F) isM ——— openin U. Therefore,

f(F)is M closed in U. Thus, the

inverse image of every M O closed

setinTisM — closed in U. if f is

M —  continuous on U . Conversely, let

the inverse image of every M — closed

set be M closed . Let be M

openinT. ThenTis M closed in T .

Then f 1(T
Thatis U F

continuous
sed
Fis M

) is M closed in U.

1yis m
Therefore, f 1oy is m open in U.Thus,
the inverse image of every M  openin T is M

openinU. Thatisfis M
continuous in U,

The subsequent theorem provides a description of M —
continuous functions

closed in U.

using M~ closure.

4Theorem 3/9. A fynctign f: (U,3E(Q) — (T,5 (W)) is
M continuous if and only if
f(Mcl(Z))< Mcl(f(Z)) for every subset Z of U .

Proof. Let f be Mc continuous

1

ManfcuIe topolcigical S[
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and Z . Then f(Z) T. Mcl(f(2)) i _—
v .f( ) . . (f(2)) is M 1(F)) =f 1(F). Therefore, for each M-
closed in T. Since f is M ) 1 )
continuous . f (Mcl(f2))) is M —— _closed set_F in T,'f (F) is M -closed
closed in U .Since f(Z) MC'(f(Z)) ’ Z in U.In this way, fis M-ContranOUS.
f 1(|\/|c|(f(z))) . Thus, f e Theorem 3.10. Let (U, 3g(X)) and (T, 2 (W)) be two M -
1(Mcl(f(Z))) isM closed set containing topological spaces where
Z. But Mcl(z) is the smallest cM— XcuUuand Wc T.Then s (W) ={T, ®, LE(W),
closed set containing Z . Therefore, Mcl(Z) < UE(W), UNEW), LE(\,N)VUAE(W)}
f LMcl(f(z))) . That is, #Mcl(z)) < and its basisis given by, B = {U, L E(W),
Mcl(f(Z)) . Con- LE(W)VU E(W)}. ,
versely, let f(McI(Z))g Mcl(f(2)) for every subsetEon A function f : (U, 3e(X)) — (T, 3 (W)) is M -
of U.IfFisM closed . . . .
) ) —] - continuous if and only if the inverse
in T. Since, f f < U, f(Mcl(f . B .
1 c Mt 1 EN) CEMcI(F) image of every member of is M
)< B ' openinU.
That is
Mcl(f 1(F)) c f 1(McI(F)) = Proof. Letfbe M — continuous.on U. Let
f (F) Since F is M closed. Thus BeB . ThenBisM —— open
Mecl(f (F)) in
f 'mp . But € LF
Therefore Mcl(f
T That IS Sa \5\0)) Since is I\/f (X) That is 1
contmuous e (B) €3
the inverse image of every number of Br g IsM open in U. conversely, let the
inverse |ma8e of every member %f B be open in U,
ninT
S E

Then G= {B:B EBl}WherelBl cBl.Then f (G)=f {B:Be
D= {f(B): B € B } where each ¢W)Bip iMM  continuous. if and only if

B, 1 open in U and hence
. Mel(f 1)) c f LimciB))  for
their union, which is f (G) is M— every subset B of T.
open in U. Thus fis M- continuous on U. Proof. IFf isM —— continuous  and

The above-mentioned theorem provides a

characterization of M-continuous functions based B T'il )
on basis elements. In the subsequent theorem, we and hence f (Mcl(B)) is M closed
provide a char- acterization of functions that are in U
M-continuous in terms of the inverse image of M- Therefore Ml [f l(McI(B))] =
closure. f YmeB)) . sine'B € Mc(B) ,
! — 1 —1
Theorem 3.11. A function f: (U, 3E(X)) — (T, aE f B) <f (Mcl®B)) .

3554
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Ml (f (B)) €

Mcl(f IMa®)) = f 1(MCI£B)).
That is Mcl(f (B))
f LMelB)). Ccon-

versely, let Mecl(f < 1(B))
f 1(McI(B)) for every B T. Let B
be M closedin T. Then Mcl(BfF = B.
By  assumption, Mcl(f 1(B))
f IMel(B)) =f _ YB). Thus
Mecl(f By f @), But
=) Mel (f L®).
Therefore Mcl(f By =t
1(B) That is f 1(B) is M closed in

closed set B in T. Therefore f
continuouson U .

U for every M
isM

The subsequent theorem presents a criterion for functions that
are M continuous

by considering the inverse image of the M
interiorof a subset of T.

Theorem 3.12. A function f : (U, 3g(X)) — (T, lE(W))_>

isM continuous on U
if and only if f LminyB)) <
Mint(f 1(B)) for every subset B of T.

Proof. Let f be M — continous and

B c T . Then Mint(B) is M

_ open

" (T’llE(Wﬁtt(B)) s M openire s (X)).f =

f LvingB)) =Mintif IMin(B))).
Also, Mint(B) B implies that

fFo 1(M(int(B)) 4@71(8). Therefore
Mintf {(Mint(B)))

3555

Mint(f YB)) That  is f
L(Mint(B)} Mintf 1 (B)) .
Conversely, let f 1(Mint(B))
Mirgf 1(B)) for every subset B of
T. If Bis Mc open in
T. Mint(B) = B.Also,

f 1 (Mint(B)) < Mint(f 1(B)). That
is 1B c Mint(t By

But Mint(f LBy) f L)
.Therefore f B) =
Mint(f L(B)). Thus f LB) is

M open in U for every M~ open
set B in T .Therefore f is M
continuous.

Definition 3.13. A subset Z of a M —

topological space (U, 3g(X)) is said to be M
dense if Mcl(Z) = U.

Remark 3.14. Since Mcl(X) = U defines a M - topological
space (U, 3g (X)) with respectto X where X c U,

it follows that Xis M — dense in U
Theorem 3.15. Let f (U 3e(X)) (T,
2 (W) be an onto, M
continuous
function. If Zin M = dense in U then f(2)
isM™ denseinT.

Proof. Since Zis M = dense in U, Mcl(Z) =
U. Then f(Mcl(Z)) = f(U) = T . Since f is onto.
Since fis M— coninuous on U,

ThRaUlg(z))  Mcl(f(2)) .Therefore T Mcl(f(2)) .
But I\écl(f(Z)) T. Therefore Mcl(f(Z)) = T . In

|
other word=f(Z) is M — dense in T
. Thus,a M c continuous function
maps M dense sets into M —
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dense because it is surjective.
4. Minuscule-open map and Minuscule-closed map

(T,x (W)
map if th_e Tage

Definition 4.1. A function f: (U, 3E (X£
isa M ope

of ever M open setin Uis M

open in T . The mapping f is said to be a
M closed map if the image of
everyM — closed setin U is M

closed in T.

Theorem 4.2. A mapping f: (U,3E(X)) — (T, (W)) is
M closed map if and only if
Mcl(f(Z)) <f(Mcl(Z)) for every subset Z of U

If fis M closed. f(Mcl(2)) is

M closeg in T.since Mcl(Z) &8 M
closed in U. Since ZMcl(2) , f(2)

f(Mcl(2)) . Thus f(Mcl(2)) is M —
closed set containing fZ) . Therefore Mel(f(Z))

’

Proof.

Theorem 4.3. A mapping f: (U, 3g(X)) (T, 2 (W)) is
M open map if and only if
f(Mint(Z))  Mint(f(Z)) . For every subset Z
u.

Proof is similar to that of the theorem 4.2

Definition 4.4. A function f (U, 2e(X)) — (T,
(W)) issaidtobe a M —

homeomorphism if

1 f is one-to-one andonto

2, fis M -continuousand

3. fis M-open.

Theorem 4.5. Let f: (U, 3g(X)) (T, > (W)) be a age-

one onto mapping. Then

Shomeomorphism if and only if f is
closed and M

fisM

M

c

f(Mcl(2)) . copspsrsary Tif Vharal@s) fii0l(Z)) isorelery subset Z of

c
3556

—

continuous
Proof. Let f be a M = homeomorphism .
EThen fisM —  continuous . Let F be
an arbitrary MG~ closed set in (U,
G AE(X)) . Then U FigM
open . Since fis M —  bpen. f(U
F)isM —  openinT. That
isT—  f(F)isM~— openinT
That is f(F)is M closed in T.

Thus , the image of every M — closed

gsetin U isM closed in T. That
is,fisM— closed. Conversely,
let f be M closed and M
continuous. Let  be M open in
(U, (X)) . Then U is M
closed in  U. Since fis M —  Closed.
f(u )=T f( ) is M

open in T. Thus f is M [ open and

- ghence fis M — homeomorphism.
c
The subsequent theorem gives a condition on a function that
is M continuous

under which equality holds in theorem : 3.5 .

’

Theorem 46. A®ne-one map f : (U, 3E(X)) onto (T, x
(W)) isa

M -homeomorphism if and only if
Mcl(f(Z)) for every subset Z of

fMcl(Z)) =

uU.

homeomorphism, f is
continuous and M

Proof. If fisaM—
M
closed.

U, f(Mcl(Z)) c Mcl(f(Z)) . Since fis M
continuous . Since Mcl(Z)
closed in U and f is M

if Z

ISMg—
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—  closed . f(Mcl(z)) is M —
closed in T . Mcl(f(Mcl(2))) = f(Mcl(2)) .
Since Z Mclf(z) f(Mcl(Z)), and hence

Mcl(f(Z)) Mcl@(Mcl(@))e= f(Mcl(Z)) . Therefore
Mcl(f(2)) f(Mcl(Z)) . Thus, f(Mcl(z)) =
Mcl(fz)) . If f is a M3 7, o
homeomorphism. Conversely,

If f(Mcl(Z2)) = Mcl(f(Z)) for every subset Z of U.
Then fis M continous. If Zis M
—t—  cloked in U. Mcl(A) = Z, which
implies f(Mcl(z)) = f(z) . There- fore
Mcl(f(Z)) = f(Z) . Thus f(Z) is M

closed in T forevery M — closed
set Z inU . Thatis f is M

closed . Also f is M —
continuous . Thus f is a M~

homeomorphism.

[1]  Application
In the following section, we use the idea of M—

continuous functions in a real-life situation.

Let us examine the relationship between the expense of a
bike trip and the distance covered. Let U={d1,d?2,
d3,d4,ds5,dg }relatesto the universe of distances
between a bus terminus and six distinct
locationg, and Conside} the set T defined as T =
p,,r,s,t,u , which represents the universe of bike
fares required to visit the Six venuesin U from the
bus terminus. It is realized that the forces are
dependent upon a distance between the places.

Let U/E = {{d1},{d2,d3}.{d3,ds5},{de }} and
Let X = {d1., d2, d3} a subset of U. Then the M
topology on U isgiven by
EMX) = {U, o {dL 3 {d1, d2,d3,d4, d5 3, {d4, d53,
{d1,ds,d5}}. Let T/E =
{{p}.{a,s}.{r.t},{u}} and W = {p,q,r} a subset
of T. Then the M topology
3E(W) on T with respect to W is given by 3 (W) = {T,

©, {p}, {p,q, r,s, t}, {s, t}, {p, s, t}}. Define f

U > Tas fd1) =p, f(d2) =q, f(d3) =,

f(da) =
s,f(d )=t fd )=u. Thea, T 1) =T,
 loy=of  Y{pp={d3}
f lgpmrsty) = {d,d,d.d . d}H
f . 83) = { ,d 3 ad
f Ygps ) =

dq,dg,ds . This implies that the inverse image of every
M-open setin T under

the given mapping is also M-open in U. As a result,
function f is regarded as M- [éontinuous.
Additionally, it is seen that the image of every M-

opensetin U is M — openin T,and fisa
bijective function. Therefore, the function f can be
classified as a M-homeomorphism. Hence, the
relationship between the cost of taking a bike trip
and the distance traveled can be described as a M-
homeomorphism.

[2] Conclusion

In the field of topology, researchers frequently introduce
novel types of topological spaces on every year.
This study focuses on the domain of Minuscule
topological spaces, offering a comprehensive
examination of their properties along with relevant
practical applications.The concept of Minuscule
continuity functions possesses a broad range of
practical applications in many real-world
contexts. Moreover, minuscule continuous
functions exhibit an extensive variety of
applications. In the near future, the use of
minuscule continuous functions is expected to
extend to a wider range of everyday scenarios.
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[24] [25] [11] [17] [20]
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