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ABSTRACT: In this present work a new space named Intuitionistic Fuzzy Cone-b Metric Space (in short,
IFCbMS) is introduced. In order to strengthen the concept, Banach contraction principle and other results are
also presented in this new setting of IFCbMS. Moreover, our results are the enhancement and improvement
on the previous research findings.

Introduction: Lorem ipsum dolor sit amet, consectetur adipiscing elit, sed do eiusmod tempor incididunt ut
labore et dolore magna aliqua. Vitae sapien pellentesque habitant morbi tristique senectus et netus.
Dignissim cras tincidunt lobortis feugiat vivamus at augue eget arcu. At risus viverra adipiscing at in. Cras
semper auctor neque vitae tempus quam. Sed cras ornare arcu dui. Turpis massa sed elementum tempus.
Risus commodo viverra maecenas accumsan lacus vel facilisis volutpat est. Dictum non consectetur a erat
nam at. Lorem mollis aliquam ut porttitor leo. Egestas sed sed risus pretium quam.

Objectives: Lacinia at quis risus sed vulputate odio ut enim. Orci porta non pulvinar neque laoreet
suspendisse interdum. Consequat mauris nunc congue nisi vitae suscipit. Morbi quis commodo odio aenean.

Methods: At varius vel pharetra vel turpis nunc eget lorem. Feugiat scelerisque varius morbi enim nunc.
Cras semper auctor neque vitae tempus quam pellentesque nec. Faucibus purus in massa tempor nec feugiat
nisl. Congue nisi vitae suscipit tellus mauris a. Est sit amet facilisis magna etiam tempor. Dictum varius duis
at consectetur. Purus semper eget duis at tellus at urna. Ipsum consequat nisl vel pretium. Viverra maecenas
accumsan lacus vel facilisis volutpat est. Bibendum arcu vitae elementum curabitur vitae nunc sed. Nisl
tincidunt eget nullam non nisi est. Ac turpis egestas integer eget aliquet nibh praesent. Auctor augue mauris
augue neque gravida in fermentum et sollicitudin. Turpis egestas integer eget aliquet nibh praesent tristique
magna. Libero justo laoreet sit amet cursus sit amet dictum.

Results: Egestas diam in arcu cursus euismod quis viverra nibh. Convallis aenean et tortor at risus viverra.
Sit amet justo donec enim diam. Sem et tortor consequat id. Purus gravida quis blandit turpis. Consectetur
adipiscing elit duis tristique sollicitudin nibh sit amet commodo. Eget duis at tellus at urna condimentum
mattis pellentesque. Auctor elit sed vulputate mi sit amet. Consequat ac felis donec et. In dictum non
consectetur a erat nam at lectus. Dui vivamus arcu felis bibendum ut tristique. Lacinia quis vel eros donec ac.
Ac turpis egestas maecenas pharetra convallis posuere morbi leo. Tortor id aliquet lectus proin.

Conclusions: Mi tempus imperdiet nulla malesuada. Magna fermentum iaculis eu non diam phasellus
vestibulum. Consectetur adipiscing elit duis tristique sollicitudin nibh sit amet commodo. Elit scelerisque
mauris pellentesque pulvinar. Et malesuada fames ac turpis egestas maecenas pharetra convallis posuere.
Elementum integer enim neque volutpat ac tincidunt vitae semper.

AMS Subject Classification: 54H25, 47H10.

1. Introduction

Advancement in day to day life leads to the generation
of uncertainty. Mathematical sciences give answers to

these uncertainties in terms of fuzzy sets (FS). The
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origination of FS was given by L. Zadeh [1] in 1965. It
paved the path of new beginnings for many authors
which leads to the generation of further branches of FS
like Intuitionistic FS (IFS) [16], Neutrosophic FS,
Picture FS, Hesitant FS etc. All these spaces differ a
little bit from each other depending upon the situations
given. Firstly the conception of b-metric space was
brought by Czerwik [17] which was further redefined
by Bakhtin in 1989. Then in 2007 [22] came the Idea of
cone metric space (CMS) into light that gave different
authors a lot more into the branch of fuzziness.
Afterwards Hussain and Shah [20] in 2011 developed

the concept of cone b-metric space (CbMS).

After that Oner, Kandemire and Tanay [22] in
2011 used the idea of FMS ([2], [3]) and CMS leading
to the development of FCMS. Vishal Gupta and Surjeet
Singh Chauhan [20] in 2020 gave the concept of
FCbMS. Now in this work we have introduced the
concept of IFCbMS.

2. Preliminaries

Definition 2.1[2] An operatore: U x U— U is known as

continuous t-norm when:-

1. o being continuous and associative;

2. o being commutative;

3. gel=g;

4. goh<vow, whenitisgiventhat g <vand

h <w, where g, h, v, w €U, where U= [0, 1].

Definition 2.2[16] An operatorA: U x U—U is taken as

a continuous t-co-norm when:-

1. A being commutative and associative;

2. A being continuous;

3. eAO0=¢;

4. e Ad<uAs,whenitis given that e <uand

d<s,wheree, d,u, s €U, where U= [0, 1].

1727

Definition 2.3[13] A three-tuple (U, L, o), whereo is t-
normand L is FS defined on U?x [0, ) is called a FMS
when:-

1. L(gb,0)>0;

2. L(g b, )=0iffg=>, where {>0;

3. L(g b, H)=L(b,g;

4. L(g,b,f)oL(b,1,s)<L(g1,f+5);

5. L(g,b,-):[0,)— [0, 1] being left

continuous;
6. L(g,b,f)=1,whereg,b,re Uands, f>0.

Definition 2.4([3]) A five-tuple set (U, L, Q, o, A),
where U is any random universal set, L and Q are FS on
U?%[0, «),o being a t-norm, and A being a t-co-norm is
called an Intuitionistic fuzzy metric space (IFMS)
when:-
1. L(ud, f)+Q(u,d f)<1 whereu,de Uand
f>0;
2. L (u,d,0)>0,whereu,de U,
3. L(ud,f)=1,whereu,de Uand
f>0iffu=d,
4. L(u,d, =L (d,u, 1), whereu,de Uand
f>0;
5 L(ud,f)eL(d,r,s)<L(u,r, f+s), where
u,d, reUands, f>0;
6. fore,de U,L(u,d,"):[0,0)—[0, 1] being
left continuous;
7. limg,, L (u,d,f)=1,whereu,de Uand f>0;
8. Q(u,d,0)<1, whereu,de U;
9. Q(u,d,f)=0iffu=dwhereu,de Uand

>0;

10. Q (u,d, H=Q(d, u, f), where u, de U and
f>0;

11. Q(u, d, D AQ(d, 1, 8)>Q (u, , £+ s), where

u,d,reUands, f>0;
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12. Foru,d €U, Q (u, d, *) : [0, ) — [0, 1] being
right continuous;
13. lime,,, Q (u, d, f) =0, where u, de U.

Definition 2.5[20] Let S be a subset of B. Then S is

called a cone when:-

1. Sisclosed, non-null and S # {0};
2. ifc,d€[0,o)and u, v € S then(cu + dv) € S;
3. ifbothuand —u €S thenu=0.

Here, int(S) denotes the collection of all those elements

of S which lies in the interior of S.

Definition 2.6 [22] A three tuple (U, D, o), whereS is a
cone of B, U is a randomly chosen set, o is a t-norm and
D is a FS on U2xint (S) is called FCMS when for

w, f,h e Uandt,s € int(S):-

1. D(w,f,t)>0and D(w, f, t) =1 iff w = f;
2. D(w,f, t)=D(f, w, t);

3. D(w,h, t+s)>D(w, f, t) e D(f, h, s);

4. D(w, f, -): int(S)— [0,1] is continuous.

Definition 2.7([6], [7]) Let U be an arbitrary set,e be a t-
norm and k >1 be a real number. A FS H on

UxUx(0, oo)is taken as a b-FMS if for

anyu, g, feUandt, s> 0:-

1. H(u, g 0)>0;

2. H(u, g, t)=0ifandonly ifu=g;

3. H(u, g t) =H(g, u,t);

4. H(uft+s)>H (u, g, i) oH(g, f,);

5. H(u, g, -):(0, ©)—(0,1] is continuous.

Definition 2.8[20] A three tuple (U, H, o) is a FCbMS if
S isacone of B, U is any arbitrarily taken set,o is a t-
norm and H being a FS on U2x int (S) and for
u,d, feU and t, s € int (S), A>1:-

1. H(u,d, t)>0, H(u, d,0)=0iffu=d;

1728

H(u, d, t) =1 foru, d > 0;

H(u, d, t) = H(d, u, t);

H(u, f, AM(t+ s)) > H(u, d, t) oH(d, f, 5);
H(u, d,"): int (S)— [0,1] is continuous and
lim,_ o, H(u, d, t)=1.

a > wD

Definition 2.9 [21] Let B= R? be a real Banach space
(BS). Then S= {(r;, ry): ry, r,> 0} a subset of B with
normal constant k = 1. Let Ube a random set,o is a t-

normdefined by ued = u d and H: U? xint (S) — [0, 1]be

a fuzzy set defined by H(u, d, t) :ﬁfor all u,d € Uand

eIl

t>0then (U, L, o) represents a FCbMS.

Definition 2.10[21]A 5-tuple (U, H, E, o, A), where U
is any random set, H and E are FS on

U%x int (S) — [0, 1], o is a t-norm and A is a t-co-
normis called an Intuitionistic fuzzy cone metric space
(IFCMS)when:-

H(u,d,t) + E(u, d, t) < 1;

H(u, d,t) > 0, H(u, d, 0) = 0;

H(u, d, t) =1 iff u=d;

H(u, d, t) = H(d, u, t);

H(u, d, t) ocH(d, f, s) < H(u, f, t + s);
H(u, d, -): int(S)— [0, 1] is continuous;
E(u, d, t) > 0;

E(u, d, t) = 0 iff u=d;

E(u, d, t) = E(d, u, t);

10. E(u, d, t) A E(d, £, s) > E(u, f, t + s);
11. E(u, d, -): int(S)— [0, 1] is continuous.

© © N oo g b~ w DR

Definition 2.11:- IFCbMS (Intuitionistic fuzzy cone-b

metric space)

Let U be a non-null random Set, obe a t-norm, A be at-
co-norm, H and E are FS defined on U2 xint(S), where
Sis acone of B (areal BS). A 6-tuple
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(U,H, E, o, A, ) is taken as an IFCbMS when for all
u,d,feUandt,s€int(S),A>1

H(u,d,t) +E(u, d, t) < 1;

H(u, d, t)>0, H(u, d, 0) = 0;

H(u, d, t) =1 iffu=d;

H(u, d, t) = H(d, u, t);

H(u, d, t)e H(d, f, s) <H(u, f, A (t +8)),t,s>0

a ~ w N e

6. H(u, d,-): int(S)—[0, 1] is continuous and
lim, ,, H(u,d,t) = 1;

7. E(u,d,t)>0, E(u,d, 0)=0;

8. E(u,d,t)=0iff u=d;

9. E(u,d,t)= E(d, u,t);

10. E(u, d, ) A E(d, £, s) > E(u, f, M(t +5));
11. E(u, d, -): int(S)—]0, 1] is continuous and
lim,_,,,E(u, d, t) = 0.

Example 2.12:- Let B=R? and S={(s, s); s,s,>0} be a
subset of Band S be a cone possessing normal constant
k=1. Let U =R, ue d = min{u, d}, uA d = max

{u, d}, H, E :U? x int (S)—[0,1]given by

H(u, d, )= Tu d\andE(u d,n= ILllu ill
e Il e Il
1. H(u, d,0) + B, d, =g+ = —mar-
e Il e Il e lIAtll
2. H(u, d, t) = —>0,
e Il
H(u, d,0) = pg=—====0,
cor &%
3. H(d, d, 1) = g =51 atu=d.
el
4, H(u, d, t)=—==
e Tt
1 1
H(d, u, t)zw—@: H(u, 4, t).
e lIAtll e Il

1729

5. s<t+s<A(t+s)andt<t+s<A(t+s) and
lIsll <At + )l and Il <lIA(t + s)lI

(It >1 andHMﬁs)H >1,

this implies sl = -~

now, lu—fl<lu-dl+ld-flso,

XCDIN d— e In(t+s)l

u—fistu —dI—== el sl

lu -fl < lu-d Id-fl

we have sl = el sl

| 1
Of v 2w

elA(t+s) e il

H(u, f, Mt+ s)) > H(u, d, t)eH(d, f, s).

1
+—gztherefore

ellsll

1 . . R
N being an exponential function
e Al

6. H(ud, t)=

is continuous.

lu -dl
hmH(u d, t) hm 5 =e Ml
||m||
2 3
lu-d | lu-dl lu -dl
Sl
A Il AL

which is GP series with common ratio ud which is

[t
convergent when %<1 as t—oo
therefore tlime [Alllel =1,
~Ju-d|
7. E(u,d,t)= Tl >0,
IIAtII
Ju-d]
E(u, d, 0)= T5>0,
“Tion
_ludl_dl_
e* 0 :
8. E(u, d, )= 2% >0and at
Ml
u=d,E(d, d, t)= M 0.
u-d d-u
9, E(u d, 0= J5=1m=E(d 0, o).
CTadl ol
10. To prove:- E (u, d, t) A E(d, f, s) > E(u, f, A(t +
s))
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S<t+s<AMt+38),t<(t+5) <A(t+59),

lIsll < At + S)II, 1t < [IA(t + s)ll,

[IMts)ll [IAct+s)|l

T 2 T 2 b
Now, [u —f| < |u—d] + [d—f],
2.1)
Ju—f] < Ju—d| % + |d-f] ”ME:HS)”, we get
Al Ju-dl |df]
ol T s
u-fl lu-d| Jd-fl

therefore, elPeoli<e il + elsll
2.2)
Ju-f] < |u -d|+|d-f]

i~ fudl, [af]
RS ¢ T ST

Using (2.1) and (2.2)

— [u-f]
This gives, — <
TGN ¢ T

d-f|

[u-d|
e

ellsll

d-f| [u-d|
<

Tu-dl, 1& > Tudl

8 5 N R ) Y

Thus E(u, £, A(t + s)) < E(u, d, t) A B(d, f, 5).

-d| . . -
. E(u, d, -)=% is continuous as it is a

e Il

composite fraction of polynomial and

exponential function. tlimE(u, d, t)=0 as

elim e%=0[by L' Hospital rule].

3. Main Results
Theorem 3.1(IFCbMS and Banach contraction theorem)

Let (U, H, E, o, A, \) be an IFCbMS. Let T: U»U be a
mapping which holds the contractive conditions
H(Tp, Tm, kt) > H(p, m, 1),
(3.1
E(Tp, Tm, kt) < E(p, m, t).
(3.2)

1730

for all p, m € U, where 0 <k <1, o be at-norm, A be a
t-co-norm, D and E are FS defined on U2 xint(S ),
where S is a cone of B (a real BS). Then T exhibits a

unique fixed point.

Proof: Let p,€U be an arbitrarily chosen element and
let {w,} be a sequence in U such that, p, = Tp,(q €U).
Then

H(pg, Pys15 kt) = H(T%p,, T4 p,, kt) H(T*'p,,

qu09 t)

=H(pg. p__,. 1) =H(T"?p,,

T9p, t/k)

= H(quz,pqq t/k) > H(p’ JoR t/kQ'l).

clearly, 1= H(p, pq+1, kt) = H(p,
py, k%) — 1, whenq - oo.

So, limg_.., H(Pg» Pge15 kO = 1,

we have E(pq, pg+1, kt) = E(T%py,
T py, kt) < E(T%"py, TIpg, t) = E(py 1.Pg 1- 1)

< E(T*?p,,
T9"py, t/k) = E(Py 2, Py 15 K).... <E(po, p1, k),
forall g and t >0. Clearly, 0 < E(pg, pq+1, kt) < E(py,
p;,t/kT)—0, when q—c.
S0,lim,_,.,E(pg» Pqs15 kt) = 0.Let 1 ()= H(py, Pys15 1)
and p ()=E(pg, Pg+1, 1), t> 0.
Next, we claim that the sequence {p,} is a Cauchy

sequence. If not, then for 0 < €< 1,we can define two

sequences {r(q)} and{s(q)} so that for every
qeU u{0}, 0, r(q)> s(q)= q,
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H(pr(e)»
ps(q)a t) <l-€ and E (pr(q)’ps(q)’ t) > €,

H(pr(q)—l’ Ps(@-15 t) > 1-€, H(pr(q)—b
Ps(- 1) >1-€.

E(Prg) 15 Pstoy-1 t) < € E(Prcy 15
Ps(a)» t) <€
l1-e>H (pr(q) aps(q)a t) > H(pr(q)fla

Ps(q)» t/2).) o H(pr(q)flf Ps(a)> t/27»)

Now,

> Tr(q)-l(t/z}\') ° (1_ E),
E=< E(pr(q)» Ps(a)> t)S E(pr(q)—b
Ps(q)» t21) A E(pr(q)flf Ps(g)> t/27»)

<G ((W20) A€).

Since, 1,()_1 (t2A) —1as g—ocand Cs(q)fl(t/m) — 0 as
q — . Therefore for q—oo, we have

1-€ > H(py():-Psg> £) > 1 —

€
and S E(pr(q)aps(q)’ t) <€E.

Clearly, this generates a contradiction. Hence {p,} is a
Cauchy sequence inU. SinceU is complete so there exist

a point min U such that limg_,,, p; =m.

Now, H(m, £, t) >H(m,
pq+1 > t/2}") c’H(pcﬁl, Tma t/27\.)

= H(m,
Pg+1» 1/21) oH(qu Tm, t/2))

> H(m,
Pgs1> 22 oH(pg m, t22K).

The case when gq—oo we haveH (m, Tm, t) > 1

1731

and E(m, Tm, t) < E(m,
Pas1> 20) A E( pgsy, Tm, t/2)

=E(m, pgi1, t/24) A E(Tpgys;, Tm, t/2))

<E(m, pg+1, t/24) A E(pgs1, m, t/22K).

on g—oo, we have E(m, Tm, t) <0.

By the definition of IFCbMS, we have m = Tm.

To claim uniqueness, we suppose m andf be two fixed

points of the mapping T, then m= Tm,f= Tf and

1> H(d, f, t) = H(Td, Tf, t)

> H(d, f, t/k)= H(Td, Tf, k) > H(d, f, t/k>)> ...

>H(d, f, t/k")—1 as

n—oo,

also, 0 <E(m, f, t) = E(Tm, Tf, t)

<E(m, f, t/k)=E(Tm, Tf, t/k)<E(m, f, t/k*)< ...

<E(m, f, t/k")—0 as

n—0a0.
by the definition of IFCbMS, we have m={.

Theorem 3.2:- Let (U, H, E, o, A, 1) be a complete
IFCbMS with o is a t-norm defined by

boh = min{b, h} and A is a t-co-norm given by
bAh=max {b, h}, Hand E are FS defined on

U? xint(S ), where S is a cone of B (a real BS). Also
suppose that H (b, h, -) is strictly increasing and
E(b, h, -) is strictly decreasing respectively. Let

A: U—U be a self map which satisfies the following

conditions for all d, beU.
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Since, E(b, h, -) is strictly decreasing function, kt <t, by
H(Ab, Ah, kt) > H(b, Ab, t)oH(h, Ah, t) the same argument E(by,, by, kt) < E(bp, byer, t) iS
3.1) not possible.

Therefore E(by,, by, kt) < E(bp.1,

E(Ab, Af, kt) < E(b, Ab, t) A E(f, Af, t),where
(Ab, Af, kt) < E(b, Ab, t) A E(£, Af, t)w b 0= E(Ab, o, Ab....

t>0,0 <k<lI. (3.2)

Then A acquires a unique fixed point. <E(b,, |, Ab,., t/k) AE(b,,,, Ab, ,, t/k)
Proof: Let byeU be an arbitrary point. Consider a =E(bp.1,
sequence {bq} = {Ab__,} of points inU. b, t/k) AE(by0, by, t7K) = E(by, by, t7K) +
Then H(b,y, < E(by, by, k™).

bm+l s kt) = H(Abm-l H] Abm: kt) = H(bm-l s Abm-l E] t) OH(bma Abma tblearly, 0 < E(bm, bm+l , kt) < E(bo,

b,, k™) —0 when m—o.Hence, lim,, . E(b,,,
= H(bm—l s bm: t)OH(bl’nr bm+l s t)a

bm+l s kt) =0.
Since H(b, h, ) is strictly increasing function, kt <t and Let q(t) = H (by, by, t) and 8,(t)=E(byy,, by, t) for
if all m € EU{0}, t> 0.

mln{H(bm—ls bm: t)a H(bm’ bm+l’ t)}:H(bn’U bm+l’ t): C|eal’|y, limmaw‘rm(t)=l, and hmmﬂwam(t)zo Next, we

this is a contradiction. show that the sequence {b,,} is a Cauchy sequence. If
H(bp,bmr1, kt)= H(bpy,biii, t). not, then we can search two sequences {r(q)} and {s(q)}
Therefore, H(by,, bysy, k) > H(b, 1. for 0 < €< 1, so that for every

bm’ t): H(Abm—Za Abm—la ‘[) q€eu U{O}n 0, T(Q)> S(Q)E q, H(br(q)s bs(q)o '[)S 1-€

>1_
>H(b,,.,, Ab,, |, t/k) oH(b,.,, Ab,,, k) and E(by(y, by, )21-€

= H(bp 1, by, t/k) oH(by2, by 1, ) and H(b,(g-1. b, t)>1-€,

= H(b,,,, by, |, t/k) - H(br(g) 15 by(s t)>1-€

> H(by, by, k™). and E(br(g)-1» bygy-15 )<1-€,
Obviously, 1>H(byy, by, k) > H(bg, by, tk™ -1, E(bi(g) 15 by )<1-€.

when m—soo. as 1-€ > H(b,(g), byg)» t)

Thus lim,,_, H(byy, byey, kt) = 1.
> H(byoy_1.byers t/20)oH(byey1.becay, /2
Now, E(b,, ( (@)-1>Ps(q) “) ( (@)-1>Ps(q) “)

>T)-1(20) o (1-€
bm+l s kt) = E(Abm—la Abm> kt)S E(bm—b Abm—l s t) AE(bms Abm> t) Tr(q) 1( M) ( )

B E(b and e< E(br(q)> bs(q)a t)
- m-1>
< E(br(q)—l >

by()» /210) A E(byg)-1, by(q)» t211)

bma t)AE(bma bm+la t)
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>0 ()-1(2ZW)AE.
Since 1,(q)_1(t/2n) —1as g —oo and d,(g) 1 (t2pn) —0 as
q —oo for every t. It follows that
1-€ 2 H(by(g.byq): 1)>- €,

and € SE(b, bs(q)s t)>7€.

Undoubtedly, this generates a contradiction. Hence
{b,} is a Cauchy sequence in U. Since U is complete so

we can find heU such that lim by = h.

q—00

Assume that, h # Ah, then there exists t> 0 such that
H(h, Ah, t) # 1 or E (h, Ah, t)#0.

For this

t> 0, H(Abg, Ah, kt) > H(bg, Abg, t)oH(h, A, t),by
contractive condition (3.1), H(by+1, Ah, kt) > H(b,
bg+1, t)oH(h, Ah, t).

In limiting case as t—oo,H(h, Ah, kt) > H(h, Ah, t).

As H(h, Ah, t)# 1, the above inequality yields a
contradiction to the fact that H(j, h, -)is strictly
increasing.

Moreover,E(Ab,, Ah, kt) < E(b,, Abg, t) AE(h, Ah, 1),
by contractive condition(3.2). That

iSE(byi1, Ah, kt) < E(bg, byi1, t) A E(h, A, 0).

In limiting case as g—o,E(h, Ah, kt)< E(h, Ah, t).

As E(h, Ah, t) # 0 the above inequality yields a
contradiction to the fact that E(b, h,-) is strictly

decreasing. Hence h = Ah.

For uniqueness, let d and f be two fixed points of A. So,
h=Ahand f= Af. Then

H(h, Ah, ) = 1, H (f, Af, t) = 1

and
E(h, Ah, t) =0, E(f, Af, t) = 0 for all t>0.

1733

now,

1 >H(d, f, t) = H(Ad, Af, t) > H(h, Ah, t/k) oH(f, Af, t/k)= 1,

0 <E(h, f, t) = E(Ah, Af, t) < E(h, Ah, t/k) AE(f, Af, t/k)=0.

By the definition of IFCbMS, we have f=h.
Abbreviations used

BS- Banach space

FS- Fuzzy Set

FMS- Fuzzy metric space

IFMS- Intuitionistic fuzzy metric space
FCMS- Fuzzy cone metric space

FCbMS- Fuzzy cone-b metric space
IFbMS- Intuitionistic fuzzy-b metric space

IFCbMS- Intuitionistic fuzzy cone-b metric space
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